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We investigate nonperturbative dilatonic solutions of the wide class of the modified
gravity models including the Gauss-Bonnet terms with a general F (G) Lagrangian.
We show that presence of the Liouville-like solutions is a characteristic feature of
these models.
PACS numbers: 04.20.Jb, 04.50.-h, 11.27.+d
The discovery that the Universe is presently undergoing accelerated expansion [1] has in-
spired several researchers to search for physical models which could explain this phenomenon.
Among different theories applied for this purpose, one of the most interesting suggestions,
beside of use of the cosmological constant [2] and quintessence [3], is the idea of a modified
gravity according to which the common Hilbert-Einstein gravity action is extended by addi-
tive terms depending on some scalars constructed on the base of the metric tensor. In the
mostly used form, such a modification implies in the theory called F (R) gravity where the
Lagrangian is a function of the scalar curvature (see e.g. [4]). The cosmological implication
of such models were discussed, for instance, in [5], and in our recent works [6, 7] some static
solutions for such models were found.
However, the F (R) modification is not the unique possibility to change the action of gravity
without introducing extra fields. One of the popular suggestions for the modified gravity
action, beside of the F (R) models and of the Weyl gravity [8], is the Gauss-Bonnet gravity
whose different classical aspects (including properties of some solutions of the equations of
motion) were studied in a series of papers [9]. Recently, the Gauss-Bonnet gravity models
were applied also for the brane studies [10], including holography aspects [11], and solving
the problem of cosmic acceleration, within which the modified Gauss-Bonnet gravity was
treated as an alternative explication of dark energy [12, 13]. Also, the Gauss-Bonnet gravity
models were applied to studies of higher-dimensional gravity [14] and of black holes [15]. Some
observational estimations for Gauss-Bonnet gravity are given in [17, 18].
Another direction of current interest is related to cosmology. Since we will be working with
a single space coordinate, our investigation is somehow similar to the study which generalizes
the FRW scenario by including the Gauss-Bonnet contribution, since there one requires time
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2evolution, and time is similar to a space coordinate, unless for its signature. Recent investi-
gations on this issue appeared in [16], and there one can also find the Liouville-like behavior
which will appear in the present study. The string-inspired investigations done in [16] and
in references therein further stimulates the present study, bridging its contents to cosmology
and the up to now misterious dark energy fuel.
The interest to modified gravity models naturally stimulates the search the interest for the
exact solutions in these models. In our papers [6, 7] we have shown that the Liouville-like
solutions, being the simplest examples of the exact solutions and, in certain cases, correspond-
ing to the anti-de-Sitter space, are the typical one for the F (R) gravity models. Therefore,
the very natural question is whether such solutions are possible in the more general modified
gravity models, that is, in different versions of the Gauss-Bonnet-like models for the gravity
in arbitrary space-time dimensions. We note that this interest is further supported by the fact
that the time-dependent Liouville-like solutions were shown to arise also in the cosmological
context [16].
First of all, let us again, just as in [6], restrict ourselves to the simplest conformally flat
space [19], with the dynamics is now concentrated in the conformal sector of the gravity, and
the metric tensor gµν(x) is given by
gµν(x) = e
σ(x)ηµν , (1)
with σ(x) standing for the conformal factor, the dilaton field. We use metric (+,−, . . . ,−)
and work with dimensionless fields and coordinates, for simplicity.
In this case, one can find that the Christoffel symbols look like
Γβµν =
1
2
(
δβµδ
λ
ν + δ
β
ν δ
λ
µ − η
βληµν
)
∂λσ. (2)
The Riemann curvature tensor is equal to
Rµραβ = ∂αΓµ,ρβ − ∂βΓµ,ρα + Γµ,ναΓ
ν
ρβ − Γµ,νβΓ
ν
ρα =
= eσ[
1
2
(∂α∂ρσηµβ − ∂β∂ρσηµα) +
1
2
(∂β∂µσηαρ − ∂α∂µσηβρ) +
+
1
4
(∂ρ∂βσηαµ − ∂ρ∂ασηβµ) +
1
4
(∂µ∂ασηβρ − ∂µ∂βσηαρ) +
+
1
4
∂λσ∂
λσ(ηαρηβµ − ηβρηαµ)], (3)
and this implies that the Ricci tensor in D-dimensional space-time is
Rρα = R
µ
ραµ =
1
2
[
(D − 2)∂ρ∂ασ + ηρασ
]
−
D − 2
4
[
∂ρσ∂ασ − ηρα∂
µσ∂µσ
]
. (4)
Thus, the scalar curvature has the form
R = gαβRαβ = (D − 1)e
−σ
[
σ +
(
D − 2
4
)
∂ασ∂ασ
]
. (5)
3The useful contractions are also
RµνλρR
µνλρ = e−2σ(D − 2)
[
∂a∂bσ∂
a∂bσ + (σ)2 +
1
8
(D − 1)(∂aσ∂aσ)
2+
+ ∂aσ∂aσσ − ∂aσ∂bσ∂
a∂bσ
]
, (6)
and
RµνR
µν = e−2σ
[
(D − 2)2
4
∂a∂bσ∂
a∂bσ + (
3D − 4
4
)(σ)2+
+
1
16
(D − 1)(D − 2)2(∂aσ∂aσ)
2+
+
(D − 2)(2D − 3)
4
∂aσ∂aσσ −
(D − 2)2
4
∂aσ∂bσ∂
a∂bσ
]
(7)
The generic invariant action, which looks like
S =
∫
dDx
√
|g|
(
AR2a +B(RµνλρR
µνλρ)b + C(RµνR
µν)c
)
, (8)
in the dilatonic sector takes the following form
S =
∫
dDxe(D/2−2)σ
(
A(D − 1)2ae−2aσ
[
σ +
(
D − 2
4
)
∂ασ∂ασ
]2a
+
+ Be−2bσ
[
(D − 2)∂a∂bσ∂
a∂bσ + (σ)2 +
1
8
(D − 1)(D − 2)(∂aσ∂aσ)
2+
+ (D − 2)∂aσ∂aσσ − (D − 2)∂aσ∂bσ∂
a∂bσ
]2b
+
+ Ce−2cσ
[
(D − 2)2
4
∂a∂bσ∂
a∂bσ + (
3D
4
− 1)(σ)2 +
1
16
(D − 1)(D − 2)2(∂aσ∂aσ)
2+
+
(D − 2)(2D − 3)
4
∂aσ∂aσσ −
(D − 2)2
4
∂aσ∂bσ∂
a∂bσ
]c)
. (9)
The important case of this generic action is the Gauss-Bonnet action depending on the Gauss-
Bonnet invariant of the form
G = R2 − 4RµνR
µν +RµνλρR
µνλρ, (10)
with the explicit expression for it having the form
G = e−2σ(D − 2)(D − 3)
[
(σ)2 − ∂a∂bσ∂
a∂bσ +
(D − 1)(D − 4)
16
(∂aσ∂aσ)
2+
+ ∂aσ∂bσ∂
a∂bσ +
(D − 3)
2
∂aσ∂aσσ
]
. (11)
In particular, in four dimensions, the Gauss-Bonnet action is a surface term:
SGB =
∫
d4x
√
|g|G =
∫
d4xe2σG =
∫
d4x∂a
(
2(∂aσσ − ∂a∂bσ∂bσ) + ∂
aσ∂bσ∂bσ
)
. (12)
4In two and three dimensions, the Gauss-Bonnet invariant is an identical zero.
In this paper, we will concentrate on the domain wall case. To do this, we suggest that the
dilaton σ depends only on one spacial coordinate, say z. So, (σ)2 = (σ′′)2, ∂a∂bσ∂
a∂bσ =
(σ′′)2, (∂aσ∂aσ)
2 = (σ′)4, ∂aσ∂bσ∂
a∂bσ = (σ′)2σ′′, ∂aσ∂aσσ = (σ
′)2σ′′.
First of all, we can show that the Liouville-like kink solutions are characteristic ones for a
wide class of dilaton gravity models, with we suggest the restriction up to the domain wall
dynamics. Indeed, in this case the scalar curvature is given by,
R = −(D − 1)e−σ
[
σ′′ +
D − 2
4
σ′2
]
(13)
and the two other scalars look like
RµνλρR
µνλρ = (D − 1)e−2σ
[
(σ′′)2 +
1
8
(D − 2)(σ′)4
]
, (14)
and
RµνR
µν = (D − 1)e−2σ
[
D
4
(σ′′)2 +
1
16
(D − 2)2(σ′)4 +
(D − 2)
4
σ′′(σ′)2
]
(15)
Let us consider the generic action (8). This action, in the dilatonic sector, by use of the
expressions above, can be expressed as
S =
∫
dDxe
D
2
σ
[
Ae−2aσ
(
α1(σ
′′)2 + α2(σ
′)4 + α3σ
′′(σ′)2
)a
+
+ Be−2bσ
(
β1(σ
′′)2 + β2(σ
′)4 + β3σ
′′(σ′)2
)b
+
+ Ce−2cσ
(
γ1(σ
′′)2 + γ2(σ
′)4 + γ3σ
′′(σ′)2
)c ]
, (16)
where αi, βi, γi, A, B, C are some constants whose exact form is not important.
We can obtain the equations of motion for this theory. We note that inside each paren-
theses, the number of derivatives in each term is equal to 4, thus, the number of derivatives
in any term in the equations of motion proportional to A is 4a, to B is 4b, to C is 4c. Thus,
we find the equations of motion in the form
Ae(−2a+
D
2
)σ
∑
k1,k2,k3
ak1k2k3
∏
k1+2k2+3k3=4a
(σ′)k1(σ′′)k2(σ′′′)k3 +
+ Be(−2b+
D
2
)σ
∑
n1,n2,n3
bn1n2n3
∏
n1+2n2+3n3=4b
(σ′)n1(σ′′)n2(σ′′′)n3 +
+ Ce(−2c+
D
2
)σ
∑
m1,m2,m3
cm1m2m3
∏
m1+2m2+3m3=4c
(σ′)m1(σ′′)m2(σ′′′)m3 = 0, (17)
where ak1k2k3, bn1n2n3, cm1m2m3 are some numerical coefficients. Then, we introduce the known
Liouville-like ansatz
σ′ = Nelσ, (18)
5which implies in
σ′′ = N2le2lσ, σ′′′ = 2N3l2e3lσ. (19)
Substituting these ansatzes, we see that in the term proportional to A, the field dependent
multiplier factorizes giving the factor e((4l−2)a+
D
2
)σ, whereas in the terms proportional to B
and C we get, respectively, e((4l−2)b+
D
2
)σ and e((4l−2)c+
D
2
)σ. As a result, the equation of motion
is reduced to the algebraic one
Ae(4l−2)aσN4a
∑
k1,k2,k3
ak1k2k3
∏
k1+2k2+3k3=4a
lk2+2k3 +
+ Be(4l−2)bσN4b
∑
n1,n2,n3
bn1n2n3
∏
n1+2n2+3n3=4b
ln2+2n3 +
+ Ce(4l−2)cσN4c
∑
m1,m2,m3
cm1m2m3
∏
m1+2m2+3m3=4c
lm2+2m3 = 0. (20)
The different solutions of this algebraic equation for the coefficients can be found. The
consistent cases are a = b = c, or l = 1
2
. Also the consistent cases are when any two of the
three coefficients A,B,C are equal to zero, or one of them is equal to zero whereas the two
others carry the same exponential factors, e.g., A = 0 and b = c.
The case l = 1/2 is of special importance. Indeed, in four dimensions the scalar curvature
(13) for this case looks like
R = −3N2, (21)
which is a negative constant. Thus, in four dimensions the case l = 1/2 corresponds to anti-de
Sitter space, with the coefficients of (20) are now related.
We can also focus on another model. Let us find and solve the equations of motion for the
model with a bit different structure, that is, with the action initially introduced in [13] (see
also [12, 20] for study of some aspects of this theory):
S =
∫
d4x
√
|g|(R + f(G)). (22)
Here we restrict ourselves by four dimensions. For simplicity, let us first, just as in [6], consider
the domain wall case. Thus, we get G = e−2σ((σ′)3)′ and R = −3
2
e−σ(2σ′′ + (σ′)2) As a first
attempt, we study the action
S =
∫
d4x
√
|g|(aR + bG2) ≃
∫
d4x
[
9be−2σ(σ′′)2(σ′)4 −
3
2
aeσ(2σ′′ + (σ′)2)
]
. (23)
Here the sign ≃ denotes that we restrict the coordinate dependence to the domain wall case.
The corresponding equations of motion look like
6be−2σ(σ′′)2(σ′)4 − 6b((σ′)4σ′′e−2σ)′′ + 12b((σ′′)2(σ′)3e−2σ)′ +
+ aeσσ′′ +
1
2
aeσ(σ′)2 = 0. (24)
6The most natural ansatz is (18) implying in (19) and in
(σ′′)2 − σ′′(σ′)2 = l(l − 1)N4e4lσ, (emσ)′ = Nme(m+l)σ ,
(emσ)′′ = N2m(m+ l)e(m+2l)σ. (25)
Its substitution yields
12 lbN6e(6l−3)σ[N(7l − 2)(6l − 2)− l(14l − 3)]− aN2σ (2l + 1) = 0. (26)
We have some distinct possibilities: first, we can choose b = 0, which yields l = −1/2, leading
to usual gravitation; second, we can choose a = 0, which yields N = l(14l−3)
(7l−2)(6l−2)
; and third, we
can choose l = 1/2 with a, b 6= 0, so the exponential factor goes to 1, that is, we reproduce the
adS solution, and we have the quintic algebraic equation, 3bN4(3N − 4) = 2a, which allows
to find N once a and b are given.
Our next step is the model of the form (see f.e. [12]):
S =
∫
d4x
√
|g|(aRn + bGm), (27)
which generalizes the model (22). In the domain wall case, it can be presented as
S =
∫
d4xe2σ
(
a˜[e−σ(−2σ′′ − (σ′)2)]n + b˜[e−2σ(σ′)2σ′′]m
)
, (28)
with a˜ =
(
3
2
)n
a, b˜ = 3mb. In this case, the equation of motion looks like
a˜
[
(2− n)e(2−n)σ(−2σ′′ − (σ′)2)n +
+ 2n
[
− eσ(e−(n−1)σ(−2σ′′ − (σ′)2)n−1)′′ −
(
e−(n−1)σ(−2σ′′ − (σ′)2)n−1
)′
eσσ′
]]
+
+ b˜(m− 1)e(2−2m)σ
(
1
2
(σ′)2σ′′
)m−3{
−
1
4
(
(σ′)2σ′′
)3
+
m
2
(σ′)3(σ′′)2
[
σ′(σ′′)2 +
1
2
(σ′)2σ′′′
]
−
−
1
4
(σ′)4(σ′′)2
(
(σ′′)2 + σ′σ′′′
)
+
m(m− 2)
2
(σ′)2
[
σ′(σ′′)2 +
1
2
(σ′)2σ′′′
]2
+
m
4
(σ′)4σ′′
[
(σ′′)3 + 3σ′σ′′σ′′′ +
1
2
(σ′)2σ′′′′
]
+
1
4
(σ′)4(σ′′)2[(σ′′)2 + σ′σ′′′]
}
= 0. (29)
The case a˜ = 0 we will consider in details further, the case b˜ = 0 can be read off from [6], so
we are interested only in the case when both a˜ and b˜ differ from zero. To solve this equation,
we carry out the substitution used in (18,25). Also, we introduce the notations
T =
D − 4
16
N4 +
l
2
N3,
T˜ =
D − 4
16
N4 +
l
4
N3, (30)
7Thus we get:
a˜e(2−n+2ln)σN2n
[
(2− n)(−2l − 1) + 2n(−2l − 1)n−1(2l − 1)(n− 1)(2ln− l − n + 2)
]
+ b˜e(4ml+2−2m)σTm−3
[
(2− 2m)T − 4lm(m− 1)T˜ − 12mT˜+
+
m
2
N2l2(m− 1)[16m− 32 + 20l2] + (8m2 − 5m)N2l2
]
= 0. (31)
It is easy to see, that if n = 2m, any l is possible. Otherwise, there exists an adS solution
l = 1
2
, for which any m and n are possible. Other parameters can be found by solving the
algebraic equations.
The natural continuation is a possible domain wall solution for the pure Gauss-Bonnet
action in an arbitrary space-time dimension. In the domain wall case, the Gauss-Bonnet term
is reduced to
G = e−2σ(D − 1)(D − 2)(D − 3)
[
(D − 4)
16
(σ′)4 +
1
2
(σ′)2σ′′
]
(32)
Let us now consider the case D > 4 (which is important from the extra dimensions viewpoint),
and study the model with the action
S =
∫
dDx
√
|g|Gn =
∫
dDxe(
D
2
−2n)σ
[
(D − 4)
16
(σ′)4 +
1
2
(σ′)2σ′′
]n
, (33)
where we have omitted the irrelevant overall factor. The equations of motion look like[
(D − 4)
16
(σ′)4 +
1
2
(σ′)2σ′′
]n−3{
(
D
2
− 2n)
[
(D − 4)
16
(σ′)4 +
1
2
(σ′)2σ′′
]3
−
− n(n− 1)
[
(D − 4)
16
(σ′)4 +
1
2
(σ′)2σ′′
] [
(D − 4)
4
(σ′)3 + σ′σ′′
]
×
×
[
D − 4
4
(σ′)3σ′′ + σ′(σ′′)2 +
1
2
(σ′)2σ′′′
]
− (34)
−
3
4
(D − 4)
[
(D − 4)
16
(σ′)4 +
1
2
(σ′)2σ′′
]2
(σ′)2σ′′+
+
n(n− 1)(n− 2)
2
(σ′)2
[
D − 4
4
(σ′)3σ′′ + σ′(σ′′)2 +
1
2
(σ′)2σ′′′
]2
+
n(n− 1)
2
(σ′)2
[
(D − 4)
16
(σ′)4 +
1
2
(σ′)2σ′′
]
×
×
[
3(D − 4)
4
(σ′)2(σ′′)2 +
D − 4
4
(σ′)3σ′′′ + (σ′′)3 + 3σ′σ′′σ′′′ +
1
2
(σ′)2σ′′′′
]
+
+ 2n(n− 1)
[
(D − 4)
16
(σ′)4 +
1
2
(σ′)2σ′′
] [
D − 4
4
(σ′)3σ′′ + σ′(σ′′)2 +
1
2
(σ′)2σ′′′
]
σ′σ′′
}
= 0.
Again, we carry out the substitution given by (18,25). After introducing the notations (30),
we find that this substitution gives the following condition: either T = 0, or
(
D
2
− 2n)T − 4nT˜ [l(n− 1)T˜ + 3] +
n
2
N2l2(n− 1)[16n− 32 + 20l2] +
+ (8n2 − 5n)N2l2 = 0. (35)
8From here, we can relate C and l, thus, we again have the Liouville-like kink solutions.
Also, we can study the model with the action
S = −
∫
dDx
√
|g|(R− αG), (36)
whose explicit form in the domain wall case is
S = (D − 1)
∫
dDx
[
e(D/2−1)σ [σ′′ +
D − 2
2
(σ′)2] +
+ α(D − 2)(D − 3)e(D/2−2)σ[
D − 4
16
(σ′)4 +
1
2
(σ′)2σ′′]
]
. (37)
For D > 4 the corresponding equation of motion are
σ′′ +
D − 2
2
(σ′)2 −
α
16
(D − 3)(D − 4)[5(D − 4)(σ′)4 + 48(σ′)2σ′′] = 0. (38)
Implementing again the Liouville-like ansatz (18) we get the following form of this equation:
N2e2lσ(D + 2l − 2)−
α
16
(D − 3)(D − 4)e(4l−1)σN4[5(D − 4) + 48l] = 0. (39)
The possible solutions are: first, α = 0 (that lead us to usual Einstein-Hilbert gravity), and
second, the case l = 1/2, whose solution is
σ(x) = 2 ln
(
2
|N1|(x− x0)
)
(40)
with
N1 = −
√
16D
α(D − 3)(D − 4)
(41)
Thus, we again have found the Liouville-like solutions.
In summary, in this work we have studied a very wide class of the gravity models whose
action depends not only on scalar curvature but also on the Gauss-Bonnet invariant and on
other invariants constructed on the base of the Riemann curvature tensor, being considered
both in four-dimensional space-time and in higher dimensions. As we have shown, all the
models admit Liouville-like static kink solutions. Therefore, we can conclude that the presence
of such solutions is common for different gravity models. Moreover, we succeeded to show
that all these models in four-dimensional space-time allow the adS solution, and this seems
to indicate that the systems admit supersymmetric extensions.
We have considered solutions of the gravitational field equations which depend on a single
spacial coordinate. It is natural to expect that in cosmology, where the metrics (and therefore
the dilaton) depends only on time, would display similar behavior implying in the appearance
of Liouville-like solutions. Within this context, we notice that the time-dependent Liouville-
like solutions were shown to arise in the gravity context earlier, for instance, in [16], a fact
that extends the interest of this work to the cosmological scenario.
9A very natural continuation of the present study could be the coupling of the dilaton
to extra scalar matter fields. Such an extension could be applied to study more realistic
scenarios, for example, in the braneworld and in the brane/cosmology contexts, giving thus
a natural generalization of [7].
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